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PEAKEDNESS  OF  WEIGHTED  AVERAGES  OF 
JOINTLY  DISTRIBUTED  RANDOM  VARIABLES 


by 

Wai  Chan,  Dong  Ho  Park,  and  Frank  Proschan 

ABSTRACT 

This  note  extends  the  Proschan  (1965)  result  on  peakedness  comparison  for  convex 
combinations  of  i.i.d.  random  variables  from  a  PF2  density.  Now  the  underlying  random  variables 

are  jointly  distributed  from  a  Sch ur-concave  density.  The  result  permits  a  more  refined  description 
of  convergence  in  the  Law  of  Large  Numbers. 
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l.  [otrodufition 


Proschan  (1965)  shows  that: 

1.1  Theorem.  Let  f  be  PF2.  f(t) *  f(-t)  for  all  t,  Xj . Xn  independently  distributed  with  density 

f,  pip',  p,  p'  not  identical,  £p  -  1 »  £ p..  Then  £  p,X,  is  strictly  more  peaked  than  £  p,X.. 

-  -  -  -  i*  1  *  1  1  1  1  1  * 


0| 

(Definitions  of  majorization  (pip*),  PF2  density,  and  peakedness  are  presented  in  Section  2.) 

*r 

The  Law  of  Large  Numbers  asserts  that  the  average  of  a  random  sample  converges  to  the 
population  mean  under  certain  conditions.  Roughly  speaking.  Theorem  1.1  states  that  a  weighted 
average  of  i.i.&  random  variables  converges  mom  rapidly  in  the  case  in  which  weights  are  close 
together  as  compared  with  the  case  in  which  die  weights  are  diverse. 

In  the  present  note,  we  extend  the  basic  univariate  result  to  the  multivariate  situation  in  which  the 
underlying  random  variables  have  a  joint  Schur-concsve  density.  Theorem  2.4  presents  the  precise 
statement  of  the  multivariate  extension. 

2.  Peakedness  comparisons 

The  theory  of  majorization  is  exploited  in  this  section  to  obtain  more  general  versions  of  the 
result  of  Proschan  (1965).  We  begin  with  some  definitions.  The  definition  of  peakedness  was 
given  by  Bimbaum  (1948). 

Definition  2.1.  Let  X  and  Y  be  real  valued  random  variables  and  a  and  b  real  constants.  We  say 
that  X  is  more  neaked  about  a  than  Y  about  b  if 

P  (I  X-a  1 2 1)  £  P  (I  Y-b  1 2 1) 

for  all  1 2  0,  In  the  case  a  »  0  ■  b,  we  simply  say  that  X  is  more  peaked  than  Y. 

Next  we  define  the  ordering  of  majorization  among  vectors. 


Definition  'L'L  Let  at  2 ...  2  a,,  and  b}  2 ...  2  be  decreeing  rearrangements 
of  tbe  components  of  the  vectors  a  and  b.  We  say  that  a  majorizes  b  (written  a  £b)  if 


and 


1^-ls 

i-i  i-i 


fork  »  1,  ...,n  - 1. 


Definition  13.  A  real  valued  function  f  defined  on  Rn  is  said  to  be  a  Schur-concavc: 
f  (a)  Sf  (b)  whenever  a  2  b. 


ilf 


A  nonnegadve  function  f  on  (*•»/>•)  is  called  a  ftMya  frequency  function  of  order  2  (TP;)  if 


log  f  is  concave,  If  f  is  a  PFj  function  then  $(x)  *  II  f  (xj)  is  Schur-concavc.  Thus  the  random 
vector  x  » (Xj,...^Cn)  has  a  Schur-concavc  density  under  the  conditions  of  Theorem  1.1.  A 

function  f  defined  on  Rn  is  said  to  be  sign-invariant  if  f(x  ■  f  (Ixjl . lx,,!).  In  the 

following  theorem,  we  give  a  peakedness  comparison  for  random  variables  with  a  sign-invariant 
Schur-concavc  density. 


Theorem  2.4.  Suppose  the  random  vector  X  ■  (Xj,...,Xn)  has  a  sign  invariant  Schur-concave 
density.  Then  for  all  t  SO, 

V(*l .....  «„)  -  P  (X  afXj  £  t) 

is  a  Schur-concave  function  of  a  ■  (a1, ....  a^),  aj  2  0  for  all  i.  Equivalently,  L  bjX,  is  more 

«*» 

_  m. 

peaked  than  £  a.X(  whenever  a2  b. 


Since  t]  >  b]  2 1/2,  both  lines  internet  the  xj-axis  in  the  interval  [t2t]  and  they  intersect  the 

45  degree  tine  at  the  point  (tt)  (tj+ej  -  b1+b2  -  1).  We  must  show  that  P(E)  S  P(F).  Now 
reflect  E  across  the  45  degree  line  to  fora  the  wedge  E\  Then  P(E)  »  P  (S')  because  the  joint 
density  f  is  invariant  under  permutation.  For  k  £  0,  the  line  xj  -  *2  “  k  intersects  E'  at  the  line 

segment  joining  (t+bjk,t  -l^k)  and  (t+ajltt  -a2k),  and  it  intersects  F  at  the  tine  segment  joining 

(t+*2^t  -*jk)  and  (t+b^t  -bjk).  Note  that  both  segments  are  of  equal  length.  But  f  sign-invariant 
and  Schur-concave  implies  that 

fO+b^t  -b2k)  -  f  (t+bjk ,  b2k  -t) 

£  f  (t+bjk ,  bjk  -t) 

■  f  (t-fbjk ,  t  -bjk ). 

This  last  fact  then  clearly  implies  that  P(E0  jS  P(F)  by  conditioning  on  X  j  •  X2 
The  result  far  n  2  3  now  follows  since 

pa«iXiJst) 

-  E  [PCajXj  +  ajXj  ^  £  a.X,  I X3 . xn)] 

and  the  conditional  density  f  (xj,x2  1  x3  xn)  is  also  Schur-concave  and  sign  invariant 

For  an  example  of  a  Schur-concave  density  function  that  is  also  sign-invariant,  consider  the 
multivariate  Cauchy  density: 

f  (Xj . xi  -  KK,*1V2r((n+iy2)(l+£  xf)  (n+1V2 

‘  v  m  1 


4 


The  following  result  is  an  immediate  consequence  of  Theorem  2.4. 

Cnmitarv  2A  Let  X], ....  X„  be  random  variables  with  joint  Schur-concave  sign-invariant 
density  f.  Then  i  £  Xj  is  increasing  in  peakedness  as  k  increases  from  1  to  n. 

Roof. 

11  11 

Let  a ,  »  (1,0, ...  0) ,  a  ,  *  (T,  0 . 0),  ...,and  a  =  (-,  ....  -),  where  each  vector 

*  2  2  _n  n  n 

contains  n  components.  Then  a  £  a  2  ...  ^  a  .  The  result  follows  from  Theorem  2.4. 

“i  “2  “n 

Suppose  X  *  (Xj,...^Cb)  and  Y  -  (Yj,...,Yb)  are  independently  distributed  with  respective 

densities  f  and  g  where  both  f  and  g  are  Schur-concave  and  sign  invariant  Then  Theorem  2.4 
implies  that  X  bj  (Xt  +  Yj)  is  mom  peaked  than  X  ^  (X.  +  Yj)  whenever  ai  b.  This  is  true 

because  the  convolution  of  Schur-concave  functions  is  Schur-concave.  However,  if  Y  j , ...,  Yn 
are  LLd.  Cauchy,  then  the  joint  density  g  given  by 

(2.1)  g(y y„)  -  A n  ft  (i+  «2yf)  -  \  *  >  o, 

I*  ill 


is  not  Schur-concave.  In  Theorem  2.6  below,  we  show  that  X  bj  (Xj  +  Yj)  is  more  peaked  than 
X  a.  (X,  +  Y.)  whenever  a  b.  This  result  identifies  a  different  class  of  densities  for  which  the 


conclusion  of  Theorem  2.4  holds. 


Theorem  2.6.  Suppose  that  the  random  vector  X  ■  (Xr  ...X^  has  a  sign-invariant  Schur- 

concave  density  f.  Let  Y  *  Yr ....  Ya  be  i.i.d.  Cauchy  with  joint  density  g  as  given  in  (2.1). 

LetX  and  Y  be  independent,  and  a2  b  where  a^  2  0,b.  20  for  alii  and  1  ■>£a.*£bL  Then 
-  -  ~  -  ii 

£b,(Xj  +  Yj)  is  more  peaked  than  £  aj  (Xj  +  Y.). 

Proof. 

Since  f  is  sign  invariant  both  £  X}  and  £  b(  X,  are  symmetric  random  variables.  We  use  the 

fact  that  £  a,  Y{,  £  b{  Y.  have  the  same  distribution  as  does  Y,.  The  result  now  follows 

Theorem  2.4  and  the  Lemma  of  Bimbaum  (1948)  by  noting  that  Yj  has  a  symmetric  and  unimodal 
density. 
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